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Surface-breaking cracks in metal sheets may be detected by injecting alternating current into the 
sheet and observing the resulting nonuniformity in the surface electromagnetic field. The current is 
forced to flow in a thin skin near the surface of the metal with a skin depth, I)= ..f2tlyl, where 
(1) 
and Jl is the permability of the metal, o is the conductivity and ro is the angular frequency of the inter-
rogating field. At a frequency of 6 kHz the skin depth of the field in mild steel is about 0.1 mm which 
is much less than the typical length scale associated with many of the surface-breaking flaws of interest. 
Using a thin skin approximation, therefore, Michael et al [1] showed that if a uniform current is 
incident on a crack in a ferrous metal, the electric field may be written as 
:H = (Ex,Ey.O) = E.(x,y) err. Re[y] > 0 
on each surface of the metal, where x and y are surface coordinates and the z - axis points out of the 
metal. The surface electric field E. is irrotational and solenoidal and so may be written as 
E. = V<ll(x,y) where V2<1l = 0 . 
(2) 
(3) 
In ferrous metals at relatively low frequencies, Lewis et al [2] showed that it is a reasonable approxima-
tion to assume that both the normal and tangential components of the electric field are continuous at the 
crack edge and so the potential distribution in the plane of the crack is an analytic continuation of the 
potential distribution on the upper surface of the metal. Thus, the crack face may be 'unfolded' into 
the same plane as the metal surface resulting in a two dimensional boundary value problem for a single 
potential in a region with a partially unknown boundary, as illustrated in figure 1. Continuity of mag-
netic flux across the lower edge of the crack requires the potetnial to be zero along the line ABCDE 
while the uniform upstream field is modelled by 
<ll(x,y) - y as (x2 + yZ)'12 --+ oo y ~ 0 
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TIIE INVERSION PROCEDURE 
In practice, the shape of the lower edge of the crack defined by the line BCD in figure 1 is unk-
nown. The experimental data is assumed to consist of a set of off-crack readings of the voltage, 
{V 1 (x)} in which both legs of the probe are on the same side of the crack and one leg is on the crack 
edge, and a set of cross-crack measurements of the voltage, {V2(x)}, in which the probe just straddles 
the crack. Provided that the upstream voltage V _ is known and assuming that the crack opening is 
negligible, these measurements are converted to a potential distribution along the top of the crack using 
the formula 
..i(Vz(x) - Yt (x)) 
cl>(x,O) = 2V_ (5) 
where ..i is the probe length normalised with the crack semi-width on the metal surface. Thus, the 
problem of inversion reduces to that of determining the shape of the lower edge of the crack, line BCD 
in figure 1, given that the potential distribution along the top of the crack, 
h(x) = cl>(x,O) , -1 $: x $: 1 (6) 
is known. 
~- y 
y v2 ~ = o 
~=0 ~ = h(x) Lx ~ = 0 
-1 1 0 A B E 
Fig. 1. The unfolded crack in the physical plane. 
The mathematical problem is reformulated using cl> and its harmonic conjugate 'P as the indepen-
dent variables. This transforms the two dimensional boundary value problem with partially unknown 
boundary, into the two dimensional, half plane problem shown in figure 2. This formulation requires 
the stream function 'P along the top of the crack to be known. Using the Plemelj formulae Mciver [3] 
showed that this is given by 
'P(x,O) = -x + _!_ £1 h(s)- h(x) ds- h(x) In 11-x I -1 $: x $: 1 
1t -1 x - s 1t 1 +x 
In particular, (7) may be used to determine the values of the stream function at the crack tips x = -1 
and x = 1, which are denoted by '1'-1 and 'l't respectively. 
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(7) 
v 2 Y = o 
Y=O y = g('+') 
Fig. 2. The boundary value problem in the transformed plane. 
In the physical plane, the function W = lll{x,y) + i'l'{x,y) is an analytic function of z = x + iy 
except at the crack tips. Provided that W'(z) + 0 anywhere, a local inverse function exists and is 
single-valued and analytic. It is assumed that the inverse function is globally unique which is 
equivalent to assuming that each streamline intersects each potential line at only one position. Thus, 
Z = X(<p,'lf) + iY(<p,'lf) is an analytic function of w = <p + i\jf and Z'(w) = 0 at the crack tips. The 
real functions X(<p,'lf) and Y(<p,'lf) are harmonic conjugates and so individually satisfy Laplace's equa-
tion in the region <p 2: 0. The upstream boundary condition for Y is 
On the 'I' axis Y is zero outside the range '1'1 !'> 'I' !'>'I'-! and is given by g('lf) within this region. The 
function g(\jf) is unknown and represents the crack depth in terms of the stream function. Using a 
Fourier transfrom in 'I' and the convolution theorem, Y(<p,'lf) may be represented in the upper half 
plane in terms of its value along the 'I' axis as 
Y(<p,'lf) = <p + ~ J,"'-1 g(s) ds , <p > 0 . (9) 
7t 'II, (\jf-s) + <pz 
In the transformed plane, the boundary condition that the potential distribution is given along the top of 
the crack, equation (5), becomes 
Y = 0 on <p = H('lf) , '1'1 !'> 'If !'> '1'-1 (10) 
where 
H('lf) = H('l'(x,O)) = h(x) (11) 
Application of this boundary condition to (9) gives 
-1 = ..!. r'~'-l g(s) ds -1 !'> x s 1 
7t J'l', ('l'(x,O) - sl + [h(x)]2 (12) 
which is a Fredholm integral equation of the first kind for the crack shape g(\jf). Once g(\jf) = Y(O,"'If) 
has been calculated, the shape of the crack in the physical plane is determined by evaluating X(O,'If) 
which is given by Mclver[3] as 
X(O,'If) = -'1' + ..!.t' g(s)- g('!f) - ~ In I '1'-l-'1' I , '1'1 s 'I' S '1'-l (13) 
7t 'If, "' - s 7t -'I'! +'If 
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NUMERICAL SOLUTION OF THE INTEGRAL EQUATION 
The equation for the crack shape; (12), is a Fredholm integral equation of the first kind which is 
ill-conditioned, representing the fundamental ill-posed nature of inverse problems. A full description of 
the numerical procedure used to solve the integral equation is available in Mciver [3] and is based on a 
technique due to Babolian & Delves [4]. After some preliminary manipulation, in which the range of 
integration is mapped to [-1,1], a factor of (1 - t2)1'2 is subtracted out from the crack shape function 
and the remainder is expanded as a series of Chebyshev polynomials T;(t) with coefficients a;, the 
integral equation is transformed into the matrix equation 
n-1 l: B;ill; = d; , i = o, ... ,n-1 
j=O 
where 
V(X) = (2'¥(x,O) - '1'1 - 'I'-!Y(V-1 - '1'1) , 
k(x) = 2h(x)/('lf-1 - '1'1) 
and 
Provided that the crack shape is sufficiently smooth, the coefficients a; are bounded by 
{ C ·-r l!lil s: c 1 
i > 0 
i = 0 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
where C > 0 and r > 112. Rather than solve the matrix system in (14) directly, therefore, the 
coefficients Iii are obtained by minimizing IBil - !!11 1 subject to the constraints in (19}. The imposition 
of the constraints suppresses the growth of any spurious high frequency terms in the Chebyshev expan-
sion. The parameters r and C are chosen so that r is fairly small, namely 
r = 2 (20) 
and C is determined by solving (14) directly with n = 4 and choosing 
(21) 
In practice, it is found that with this small value for n, the matrix system may be solved without gen-
erating any large spurious terms. The minimization technique described is then used to solve a larger 
system of equations, (usually with n = 16), using the values of rand C given by (20) and (21). 
RESULTS 
The method outlined in the previous sections is first tested using theoretical distributions of poten-
tial from known crack shapes. Figures 3 and 4 illustrate the predictions for a semi-circular arc crack 
and an asymmetric, bow shaped crack. In both cases, the inversion procedure predicts the crack shape 
accurately from data sets consisting of 23 and 19 points respectively, and using 16 terms in the Che-
byshev expansion. 
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Fig. 3. Prediction of the shape of a semicircular arc crack. 
___ : exact shape, __ : inversion model. 
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Fig. 4. Prediction of the form of an asymmetric bow shaped crack. 
__ : exact shape, x x x : inversion model. 
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In practice, any experimental data are liable to have inaccuracies; it is interesting to exam-
ine how such errors affect the prediction of the crack shape. Thus, as a test case, the potential distribu-
tion along the top of a semicircular arc crack was modified by adding to it a sinusoidal modulation with 
amplitude equal to one hundredth of the maximum value of the exact potential and wavelength equal to 
two units. Thus, the modified potential is given by 
cpmodifi<AI (x,O) = cpexact (x,O) + 0.01 cpexact (0,0) sin ltX (22) 
Figure 5 illustrates the prediction of the crack shape when the matrix system of equations in (14) is 
solved exactly with n = 16, without imposing any constraints on the Chebyshev coefficients. From the 
figure, it is seen that the small change in the potential distribution has caused large deviations from the 
exact crack shape which clearly demonstrates the ill-conditioned nature of the problem. Figure 6 illus-
trates the predictions of the inversion model described in this paper, for the same set of data and using 
the same number of terms in the Chebyshev expansion. In this case, the magnitude of the spurious, 
high frequency terms in the expansion has been suppressed and the numerical prediction is a reasonable 
approximation to the exact crack shape. It should be noted, however, that in both cases the error in the 
input data is magnified in the predicted crack shape. 
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Fig. 5. Prediction of the shape of a semicircular arc crack from 
inaccurate data, using no constraints. 
___ : exact shape, __ : predicted shape. 
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CONCLUSION 
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Fig. 6. Prediction of the shape of a semicircular arc crack from 
inaccurate data, using the inversion model. 
___ : exact shape, __ : inversion model. 
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A method for predicting the shape and size of a surface-breaking crack in a metal sheet using a.c. 
electric fields, has been developed. This inversion problem was formulated using the potential and 
stream function of the surface electric field as the independent variables. This resulted in a Fredholm 
integral equation of the first kind for the crack shape in terms of the stream function. Such equations 
are ill-conditioned and so a minimization procedure which suppresses the instability, was used to solve 
the equation. The model was tested using theoretical data from known crack shapes and accurate pred-
ictions were obtained. 
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